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Abstract. By applying the derivative operator to the corresponding hypergeometric 
form of a q-series transformation due to Andrews [T] Theorem 4], we establish a 
general harmonic number identity. As the special cases of it, several interesting 
Chu-Donno type identities and Paule-Schneider type identities are displayed. 



1. Introduction 



For a nonnegative integer n, define the harmonic numbers by 

n 1 

Ho = and H n = \ — when n = 1, 2, • • ■ . 

For a differentiable function f(x), the derivative operator T> can be denned by 

Vf{x) = —f(x)\ 

dx \x=o 

Then it is not difficult to show the following two derivatives of binomial coefficients: 

/n + x\ 



V 



V 



) {H n — H n - r }, 

{ H n — r H n } , 



where r < n with r = 0, 1, • • • . 

For a complex number x, define the shifted factorial by 

n— 1 

(x)o = 1 and {x) n = J^J (x + k) when n = 1,2, ■ ■ ■ 



The fractional form of it reads as 

a, b, ■ ■ ■ , 

a, P, 

Then the hypergeometric series (cf. Bailey [3]) can be defined by 



(a)„(6) n ■ • ■ (c)„ 

(«)n(/?)n ' ■ ' (7)n 



a , Ol, 

6i, 



E 



a , oi, 

i, h, 



where {ai}i>o an< i {°j}j>i are complex parameters such that no zero factors appear in the denominators 
of the summand on the right hand side. 

For a complex sequence {Ak}k>o an <i t wo nonnegative integers i and j, define the product by 



k — i 



A-iAi+i ■ ■ ■ Aj 



for j > i, 
for j = i — 1. 
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In 1975, Andrews :1 Theorem 4] gave a beautiful (/-series transformation. The corresponding hyperge- 
ometric form of it(cf. Krattenthaler et al. [5] Theorem 8] and [7| Equation 4.2]) can be stated as 



2m+5p2m+4 



a, l + a/2, 



r p \ 2m+2 



a/2, {l + a-F s }™+ 



1 + a + n 



1 + a, 1 + a — P 2 m+1 - P 2 m+2 
1 + a - P2m + 1 , 1 + a - P'2m + 2 



>< e n 

0<i\<i2<---<iTn<n r=l 



— ir + 1, P2r + 1, P2r + 2, 1 + O — Pit — 1 _ Ptt 
1, P 2r +1 + P2r+2 — 0, — i T +l, 1 + « — ft) — 1, 1 + a — P 2r 



, (1) 



where i m +i = n and m £ N. When m 
transformation (cf. Bailey [3] p. 25]): 



1, the last equation reduces to the famous Whipple's 



7F 6 



a, l + a/2, Pi, P 2 , P 3 , Pi, -n 

a/2, 1 + a - Pi , 1 + a - Pa, 1 + a - P 3 , 1 + a - P 4 , 1 + a + n 



1 + a, 1 + a - P :j - P 4 
1 + a - P 3 , 1 + a - P 4 



4P3 



-n, P 3 , P4, l + a-Pi-P 2 
P 3 + P4 - a - n, 1 + a-Pi, l + a-P 2 



By applying the derivative operator D to |[TJ, we shall establish a general harmonic number identity in 
the next section. As the special cases of it, several interesting Chu-Donno type identities and Paule- 
Schncidcr type identities will be displayed. 



2. Harmonic number identities 



§2.1. A general harmonic number identity. 



Let v be a nonnegative integer with < V < 2m + 2. For two finite sets {q s }"_j and {« s }s=tfi: the 
case v = corresponds to the former is empty and the latter is {a s } 2 II^ 2 , and the case v = 2m + 2 
corresponds to the former is {ajjj™^ 2 and the latter is empty. 

Performing the replacements a — > — x — n, P s -+ 1 + P s with 1 < s < V and P s —> — n — P s with 
v + 1 < s < 2m + 2 for (JTJ, wc obtain the following expression: 



n ni+x\ v (k+P s \ 

£C)<*+»-»>Wn ( fc } 



n 



(- + fc Ps ) 



/fe-x\ 11 (x + n + P s \ 11 / — x + fc + P s \ 

V fc I 3=1 I fc / S=U + 1 V fc / 

— 2 — n, 1 — a; — n — T 2m +i - T2 m +2 
1 — x — n — T 2 m+i , 1 - x - n - T 2m+ 2 



* e n 

0<ii<i2<"<im<in 1 -l 



— ir+1, T 2r +1, T 2r + 2 , 1 — X — U — T 2 , — 1 — T 2r 

1, T 2r +i + T 2r + 2 + a; + n — ir+l, 1 — x — n — T 2r - 1 , 1 — x — n — T 2r 



where T s = 1 + P, with 1 < s < V and T s = -n - P s with u + l<s<2m + 2. 

Applying the derivative operator T> to both sides of the last equation, we establish the following theorem. 

Theorem 1. For 2m + 2 nonneqative integers {Pa} 2 ™* 2 with im+i — n and m E N, there holds the 
general harmonic number identity: 



n V (k+P 3 \ 2m+2 /n + P s \ f , V 2m + 2 

eo nk4 n W e 



n „ u /fc + P a \ 2m+2 /n+P s 

\ - /™\ 2 TT { k ) 

11 /n + P s \ ±± /fc + P s \ 

fc = " 8=1 \ k J s=v + l \ k ) 

-n, 1 — n — T2m + 1 — T 2m + 2 

1 - n — T 2m +i , l — n — T 2m +2 



e n 



— ir+1, 72r+l, 72r+2, 1 — TL — T 2) — 1 — T2 r 

1, l2 r +i + T 2r + 2 + — ir+li 1 — n — T 2l — i, 1 — n — T 2r 



where T s = 1 + P s tuit/i 1 < s < u and T s 



-n — P s tuit/i u + 1 < s < 2rrt + 2. 



§2.2. Special cases: harmonic number identities of Chu-Donno type. 

Setting m = 1 in Theorem [l] wc get the following equation. 
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Proposition 2. For four nonnegative integers {P s }^_ lt there holds the harmonic number identity: 



"A 2 TT ( k I TT \ k ) 



jzO nhH n 



fe=0 



L fn+P s \ 11 /fc + P 3 \ 
1 \ k I s=v + l \ k I 



-n, 1 - n - T 3 - T 4 
l-n-T 3 , l-n-T 4 



lF 3 



l + (n-2k)l2H k -Y, H k+P s + Hk + p s 

^ s=l s = v + l 

-n, T 3 , Ti, l-n-n-Tz I 



T3+T4, 1-n-Ti, l-n-T 2 
where T s = 1 + P, with 1 < s <v and T a = —n — P a with v + 1 < s < 4. 



Letting P s — > nP s with 1 < s < 4 in Proposition [2] we get the following result. 

Corollary 3. For four nonnegative integers {P s }f = i, there holds the harmonic number identity: 

L T7 y k ') \ , . I _ 11. ,. _l 

J. J. m + nP s \ 11 /fc-fnP s \ 
= 1 I fe J 3=v+l { k I 



EQ 2 n 



fe=0 



-n, 1 - n - T s - Ta 
1-n-Tb, l-n-T 4 



4^3 



1 + (n - 2fc) f 2ff fe - ^ i? fc+ „F s + H k+ n p s 

^ S — 1 s = u + l 

-n, T 3 , Ti, l-n-T 1 -T 2 



T3 + T4, 1-n-Ti, l-n-T 2 
where T s = 1 + »iP s witft. 1 < s < t> anci T s = — n — nP s with v + 1 < s < 4. 
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The importance of Corollary [3] lies in that it implies eight important theorems due to Chu and Donno 
[4]. The details are laid out as follows. 

Taking respectively v = 2, 1, in Corollary \3\ and then letting Pi — ¥ b, P2 — ¥ c, P3 — ¥ 00, P4 — ¥ 00, we 
gain the following three known harmonic number identities. 



Example 1 (Chu and Donno [4] Theorem 5]). For two nonnegative integers {b, c}, there holds 
y- /™\ 1 fc n fc j (l + ( n - 2fc)(2i? fe - P bn+fc - H cn+k )\ = 1 ■ " , A 

Example 2 (Chu and Donno [3] Theorem 6]). For two nonnegative integers {b,c}, there holds 
V* C) A >x (l + (" - 2fc)(2P fe - PT bn+fc + H cn+k )\ = f-l) w ,\ " I . 

k=0 \ k A k I \ n A n ) 

Example 3 (Chu and Donno [4) Theorem 7]). For two nonnegative integers {b, c}, there holds 

( n ) ifcJAfcJ.(i + (n-2fc)(2Pf fc +H bn+k + H cn+k )\ = f-1)" ,u n 1 . 
fc=0 Vfc/Vfc/ V n A n / 

Taking respectively v = 4, 3, 2, 1, in Corollary [3] and then letting Pi — ¥ b, P2 — ¥ c, P3 — ¥ d, P 4 — ¥ e , 
we achieve the following five known harmonic number identities. 

Example 4 (Chu and Donno [4] Theorem 8]). For four nonnegative integers {6, c, d, e}, there holds 
y- ( n \ 2 i k A k A k A k I 

x jl + (n — 2k)(2H k — H bn + k - H cn+k — H dn+k - H en+k )^ 



^2-j-6n^ ^i+cnj |l+dn + en + nj 



(. n A n ) i=0 1 I £ A i A i ) 
Example 5 (Chu and Donno [4] Theorem 9]). For four nonnegative integers {6, c, d, e}, there holds 

y> ( n \ 2 ( k )( k )( k )( k ) 

/ -j ^n-\-bn^ ^w+cnj ^n+dn^j ^fc+enj 

x jl + (n — 2k)(2H k — H hn + k — H cn+k — H dn+k + -W eri +fc)| 



l-f-t»n + cri + n\ n 



I n Jl n Ji=0 4 I i A i A 



/i + bn\ fi-\-cn\ i dn~en\ 

n\ ( j a i A j ) 



4 



C. Wei and D. Gong 



Example 6 (Chu and Donno [4] Theorem 10]). For four nonnegative integers {b, c, d, e}, there holds 

n n /fc + fon\ /fc4- 

2-1 \u) ln + bn\ln^ 



~ /fc4-fon\ /fc + cn\ (n+dn\ /n+en\ 
f n \ \ k ) \ k A k M fc / 
fn-\-bn\ /n-\-cn\ /fc + dn\ (k-\-en\ 

\ fc A fc A fc A fc ) 



x jl + (n — 2k)(2H k — H bn + k — H cn+k + H dn+k + iT en+fc ) J 

/l + bn+cn + n\ n /i+bn\ /i+cn\ /n+dn+en+i\ 

y n ) ST I T\if n \ \ i )\ i )\ i ) 



/n-{-bn\ /n + cn\ / -j 



E(-<) 



i + dn\ /i-\-en\ /l + fcn+cn+i 



i; (T)(T)( 



Example 7 (Chu and Donno [J| Theorem 11]). For four nonnegative integers {b, c, d, e}, there holds 
f"^ 2 (. fc A fc Jl fc A fc ) 

/ y V/c/ /n+bn\ /fc + cn\ /fc + dn\ /fc+en\ 

fc=0 V fc A fc A fc A fc / 

x |l + (n — 2k)(2H k — H bn + k + H cn+k + H dn + k + i^ eri +fc)J 



(-1)" 



■so 



(t)C 



/n + &n\ /n + cn\ / ^ \ / fi-\-dn\ (i-\-en\ (i-\-bn — cn — n\ 
I Jl n ).=0 ' 1 , K i )l i ) 

Example 8 (Chu and Donno [4[ Theorem 12]). For four nonnegative integers {b,c,d,e}, there holds 



SO 



fc=0 

x 



in-\-bn\ /n+cro\ /n+dn\ /n + en\ 

^ I fc A fc A fc A fc J 

/fc + 6n\ /fc + cm /fc + dn\ /fc + en\ 

V fe A fc A fc A fc ) 



jl + (n — 2k)(2H k + H bn + k + H cn+k + H dn + k + i^ en+fc )| 

J / n \ v i A > A i J 



(-1) 



( 

n V 



■SO 



i + dn\ /i + en\ (2n-\-bn-\-cn 



(n-\-bn\ fn + cn\ ' ^ \ / /i-|-csn\ /i + en\ / 
I n A „ J i=0 1 \ i A i A 



Setting m = 2 in Theorem [T] we attain the following equation. 

Proposition 4. For six nonnegative integers {P s }f =1 , there holds the harmonic number identity: 



E(I)n 



n 



11 fn + r s \ 11 /fc + P s \ 

= 1 I fc J S=D + 1 I fc ) 



1 + („ _ 2k) ( 2H fc - ^ f/ fc+Ps + H 

S — l S — v-\-l 



-n, l-n-T 5 -T 6 
l-n-T 5 , l-n-T 6 



X 4^3 



^3: T4. 



E 

1 i=0 

1 - 



-n, Is, 
- Ti - T 2 



T 3 +T 4 +n-i, 1-n-Ti, 
where T B = I + P s with I < s < v and T s = —n 



T 6 , l-n-T 3 -T 4 
l-n-T 3 , l-n-Ti 



l-n-T 2 I 
P s with v + 1 < s < 6. 



Taking respectively « = 6, 5, 4, 3, 2, 1, in Proposition [4] and then letting Pi — > b, P2 — > c, Pn — > d, 
Pa — > e P5 — > f, Pa — > g, we derive the following seven harmonic number identities of Chu-Donno type. 

Example 9. For six nonnegative integers {b, c,d, e, f, g}, there holds 

s ( k t b )( k t c )( k t d )( k t e )( k t f )Ct 9 ) 



h Vk} ( n i b )( n+ k c )( n i d )( n+ k e )( n+ k f )( n i 3 ) 

X {l + (n - 2k)(2H k - H b+k - H c+k - H d+k - H e+k - IS 

/l + &+c+n\ n fi + b\ (i-\-c\ /l + d+e+n-\ 

\ „ > ( n \ \ i A , ){ i ) 



- ^ 9 4-fc)} 



EC)- 



(j + d)(j + e)( i +/ + 9+n) 



Example 10. For six nonnegative integers [b,c,d,e,f,g}, there holds 

k = 



h Kk) c + k b )( n+ k c )( n+ k d )c + k e )( n+ k f )( k+ k 3 ) 

x |l + (n — 2k)(2H k — H b+k — H c+k — H d+k — H e+k — Hf +k + H g+k )^ 

( 1+b V +n ) CT)(T)( 1+d V +n ) ^, ( J + d )( J + e )( / 7 s ) 



oo^o^ 7 rt d )ri e )( 1+6+c - 



3=0 
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Example 11. For six nonnegative integers {b, c, d, e, f, g} , there holds 

sh n H k i b )( k i c )( k i d )( k i e )( n+ k f )( n i 3 ) 
h w (T) (T) ( n t d ) m ( k V) ( k t 9 ) 

x |l + (n — 2k)(2H k — H b + k — H c+k — H d+k — H e+k + Hf +k + H g+k )^ 

/l + 6+c+n\ n /i-\-b\ (i-\-c\ /1 + d+e+m i (i+ d \ p+ e \ ( n +S+9+i\ 

= ( n )_ ^ ( n \ jj_AjJi « ) V^, ^j/n V j A 3 >S 3 > 

Example 12. For sis nonnegative integers {b, c, d, e, f, g} , there holds 

«wT)( fc r)(T)(T)rr)m 



T C) - 



t KkJ ( n t b )(T)( n t d )( k t e )( k i f )( k t B ) 

x {l + (n - 2k) (2H* - H 6+fe - H c+fc - ff d+fc + tf e+fe + H /+fc + H g+k )j 

fl + b+c+n\ n (i + b\ (i + c\ (d-e\ i ■ + (n+£\ (j + f+g + ns 

~ rr) o fcu Ki} en ( i t e ) ( i+b r +i ) ^ ^ e+ s ) ( j+d r") ' 

Example 13. For six nonnegative integers {6, c, d, e, /, g} , there holds 

^ n H k t b )( k i c )( n i d )( n i e )( n i f )( n i 3 ) 
h Kk) ( n t b )( n l c )( k i d )( k i e )( k V)( k i 9 ) 

x { 1 + (n - 2fc)(2H fc - _r7 6+fc - ff c+fc + H d+k + H e+k + H f+k + H g+k )} 

/l+b+c+n\ n (i+b\ (i+c\ H+d+e+n\ i . (n + d\ (n+e\ I j + f + g + n\ 

Example 14. For six nonnegative integers {b, c, d, e, f, g} , there holds 

^ n * ( k t b )( n t c )mn e )( n t f )( n t 9 ) 
h Kk) (T)( k+ k c )( k+ k d )( k+ k e )( k+ k f )( k+ k 3 ) 

x {l + (n - 2k)(2H k - H b+k + H c+k + H d+k + H e+k + H /+fe + H g+k )j 

lb-c\ n ti+b\ /n+c\ /i + d+e+n\ i . (n + d\ (n+e\ (j + f+g+n\ 

rr) r+ c ) s w ct d ) cv) ( i+b ~r n ) h ^ ey ) c +d T +n ) ' 

Example 15. For six nonnegative integers {b, c, d, e, f, g} , there holds 

^ r Y ( n+ k b )( n+ k c )( n+ k d )( n+ k e )( n+ k f )( n+ k 3 ) 
h Kk) ( k t b )( k ii( k i d )( k+ k e )( k t f )C + k 9 ) 

x {l + (n - 2fc)(2H fc + i/b+fe + # c+fe + H d+fc + + tfj+fc + H 9+fc )} 

+ c\ li + d+e+n\ i . (n+d\ fn+e\ (j + f+g+n\ 

n b )( n r) h Ki) ( t+d )cv)C n+b+c ) ey)ej 9 )( i+d r +n )' 

It should be pointed out that Examples IU8I are only the suitable limiting cases of Examples 191151 
Although the latter are also crossed one another as the former, they can create numerous beautiful 
harmonic number identities with doubt. Further, Theorem [T] may produce more harmonic number 
identities of Chu-Donno type with the change of m. The interested reader may write several ones of 
them down as exercises. 



§2.3. Special cases: harmonic number identities of Paule-Schneider type. 

( u) 

For an integer u with u ^ 0, define T„ by 



71 

Ti u) = J2Q U {l + u(n-2k)H k }. 



. k 
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Then eight known harmonic number identities can be stated as follows: 

(2) 

(3) 
(4) 
(5) 
(6) 

(7) 
(8) 

0) 

i=0 ' 

JU-JU appeared first in Paule and Schneider 8 . Chu and Donno .4] offered other three ones and showed 
that these eight harmonic number identities just displayed can be derived by specifying the parameters 
in Examples [T] \3\ [4] and [8] Now, we shall bend ourselves to display the remaining results of the same 
type by specifying the parameters in Theorem [T] 

Letting P2 m +2 °o, v — > and P s — » with 1 < s < 2m + f in Theorem [T] we obtain the equivalent 
form of the first equation of Krattenthaler and Rivoal [|[, Proposition 1] . 

Proposition 5. For m g N, there holds the harmonic number identity: 

T (2m+3) = ^ny^n + ii^ (n\2(n + i r+1 



T (-2) 


- 2 (1 + n)2 ff 
(2 + n) 




J n 


= (l + n)-ff„+l, 




rpW 

J n 


= i, 




T (2) 
± n 


= o, 




T (3) 


= (-!)"> 




T (4) 


= H>f;). 




T (5) 


= <-!>-£(:)( 

i=0 


n / ' 


T (6) 
- 1 n 




'n + tW2n-i\ 
v n J \ n J 



Setting v = and P s = with i < s < 2m + 2 in Theorem [T] we get the following equation. 
Proposition 6. For i m +i = »i with m E N, mere holds the harmonic number identity: 

n ,,. ^ n ' 1 V v n / 

0<2i <Z2 < ■■■<im <™ r — 1 

Proposition [6] and the second equation of Krattenthaler and Rivoal 5 , Proposition 1] have different 
versions although that the purpose of them are the same. Proposition [6] reduces to J9} exactly when 
m = 1. Other two results are laid out as follows. 

Example 16 (Harmonic number identity of Paule-Schneider type: m = 2 in Proposition [6| . 



i = j=0 



j/ \ n J \ n 



Example 17 (Harmonic number identity of Paule-Schneider type: m = 3 in Proposition [6)1 . 

^^MrE0 2 ( 2 7^Q 2 r + r j )tc) 2 rr)r + r 4 )' 



The open problem posed at the end of Paule and Schneider \E\ states that whether can be expressed 
as a definite hypergeometric single-sum for all u > 3. Although the equations on T„ with u > 3 have 
been given in Krattenthaler and Rivoal [5] Proposition 1] and this subsection, we can't still judge that 

(u) 

whether T„ can be expressed as a definite hypergeometric single-sum for all u > 6. 

Letting v — > 2m + 2, P2m+2 — > oo and P s -) with 1 < s < 2m + 1 in Theorem [T] we attain the 
following equation. 

Proposition 7. Por m G N, i/iere holds the harmonic number identity: 

T^- 2m) = (i+nr F — - — if 



l + n-h £A (-")i r (1 + l 



Proposition [7] leads to (O exactly when m = 1. Other two results are displayed as follows. 
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Example 18 (Harmonic number identity of Paule-Schneider type: m = 2 in Proposition O . 



i=0 3 =0 



(-n)j(l + n - 1 + j 



Example 19 (Harmonic number identity of Paule-Schneider type: m = 3 in Proposition 01 . 

T (-s) = fl , n) 3 y- y- y- (l)t(-j)t 1 

^^(-^(l+n-i^^t-nMl + n-jJwl + n-t' 

Taking u = 2m + 2 and P s = with 1 < s < 2m + 2 in Theorem [T] we achieve the following equation. 
Proposition 8. For i m +i = n with m S N, there holds the harmonic number identity: 

„(-2m) _ , ,„\m+l 



0<ii<i 2 < ■■<i m <nr=l * r 



1, — V+l 

— n, 2 + n — i r -|-i 



Proposition [H] reduces to exactly when m = 1. Other two results are laid out as follows. 
Example 20 (Harmonic number identity of Paule-Schneider type: m = 2 in Proposition [SJ . 

T (-4) = (1 + n) 3y- J_y- (i)j(-Oi i 

Sl + i^Mjtl+n-fli+il + n-j' 

Example 21 (Harmonic number identity of Paule-Schneider type: m = 3 in Proposition [SJ . 



^i + i^ (-n)j(l + n- ^ (-"•)*(! + " - i)t+i 1 + n-t 
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